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Abstract
We show how to gauge the set of raising and lowering generators of an arbitrary Lie
algebra. We consider SU(N) as an example. The nilpotency of the BRST charge requires
constraints on the ghosts associated to the raising and lowering generators. To remove
these constraints we add further ghosts and we need a second BRST charge to obtain
nontrivial cohomology. The second BRST operator yields a group theoretical explanation
of the grading encountered in the covariant quantization of superstrings.
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1. Introduction
Nonlinear sigma models based on group or coset manifolds allow one to construct
interacting string models with nontrivial backgrounds. Three classes of models have been
obtained in this way: i) standard WZNW models on group manifolds (this construction is
possible for any compact or noncompact group) [1]. ii) WZNW models on particular coset
manifolds (this construction seems only possible if the structure constants with 3 coset
indices are invariant with respect to the subgroup, see for example [2]) iii) gauged WZNW
models [3]. In the latter case the gauging is performed by introducing a set of gauge fields
Az and Az¯ coupled to the currents of a subgroup. The gauge fixing Az¯ = 0 leads to a
second WZNW model with h-currents and ghost currents. Gauging once again this BRST
invariant action yields the sum of gauge, h and ghost currents which forms the starting
point for the construction of the final BRST charge [4]. This BRST charge implements the
constraints at the level of the Fock space and selects the physical subspace of the theory.
In the present paper we present a new method to obtain interesting nonlinear sigma
models by imposing (gauging) the constraints related to coset generators and not those of
a subgroup. This is inspired by recent developments in superstring theory. To construct
a quantized superstring one may begin with the set of second class constraints dzα (the
conjugate momenta of the fermionic coordinates θα) as starting point. A BRST charge
Q =
∮
λαdzα is constructed and it is made nilpotent by imposing suitable quadratic con-
straints on the 16 complex commuting ghosts λα. The operators dzα generate a particular
non-semisimiple superalgebra, with further generators Πzm and ∂zθ
α which form a sub-
superalgebra. In one (noncovariant) approach one imposes the constraint Q|phys〉 = 0 on
the physical states. [5]. So in this approach one gauges dzα. However, since the ghost fields
are constrained, gauging dzα does not imply that all corresponding conjugate variables θ
α
1
are removed by the cohomology. Rather, the dependence of the vertex operators on θα is
only restricted by the field equations.
In another (covariant) approach one introduces by hand a ghost doublet (b, cz) in
order to obtain a nilpotent BRST charge, and one imposes all three constraints, but then
one restricts the carrier space by imposing, a “grading condition” in order that not all xm
and θα are removed from the cohomology [6]. With this grading condition one obtains the
same spectrum as from the noncovariant approach, so one has undone the gauging of Πzm
and ∂zθ in some sense.
Although imposing the grading condition by hand yields to correct cohomology, we
have suspected for a long time that there exists another charge whose vanishing on physical
states achieves the same purpose. As a first step in this direction we have recently removed
the ghost pair (b, cz) (and also another ghost pair (ω, ηz) which we also introduced by hand
to have vanishing central charge) by “gauging” the WZNW model based on superalgebra
of dzα,Πzm and ∂zθ
α [7]. The procedure of gauging leads to an extra set of currents
d
(h)
zα ,Π
(h)
zm and ∂zθ
(h)α with opposite sign for the double poles, and as a consequence it
has automatically a nilpotent BRST charge and a vanishing central charge. So in this
approach there are no longer any ghosts added by hand. The second step is then to find
the charge which takes over the role of the grading.
In this article we give a general construction of such a charge. It turns out to be a
second BRST charge which anticommutes with the usual BRST charge and which arises
naturally in the process of “gauging coset generators”. We shall consider a general simple
Lie algebra, instead of the nonsemisimple Lie algebra which appears in the string model.
The two main ideas on which our approach is based are, on the one hand, the structure of
Lie (or affine Lie) algebras on the Cartan-Weyl basis, and, on the other hand, the BRST
approach to second class constraints.
It is well-known how to gauge a subgroup H of a Lie group G: one decomposes
the generators into coset generators Kα and subgroup generators Hi and one constructs
the BRST charge Q = ciHi +
1
2
bif
i
jkc
kcj where ci, bi are the ghosts and the antighosts,
respectively, and f ijk the structure constants of H. The Hi are then first class constraints
which annihilate physical states: Hi|phys〉 = 0 (which becomes Q|phys〉 = 0 in the BRST
approach). Often an explicit representation of Kα and Hi in terms of differential operators
or conformal field theory is given.
The main difference between gauging a subgroup and gauging a coset boils down to
the fact that the generators of the subgroup form a closed algebra of constraints whereas
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the generators of the coset do not. From a Hamiltonian point of view this means that
the constraints imposed by Kα are second class constraints. Namely, if Kα is a first class
constraint, it annihilates physical states Kα|phys〉 = 0, but then also [Kα, Kβ]|phys〉 = 0.
The set of generators [Kα, Kβ] in general closes on the generators Hi (and only Hi if
one has a symmetric coset decomposition). If Hi is not to be a constraint, Hi|phys〉
should not vanish for all physical states, but then [Kα, Kβ]|phys〉 should be non-vanishing.
Thus gauging coset generators leads to second class constraints. Using the Dirac brackets
to implement the constraints and eliminating the variables associated with the second
class constraints, in general reduces the isometry group of target space and looses the
manifest symmetry of the theory. (In the case of superstrings, separating the second class
fermionic constraints from the first class constraints, one necessarily breaks the super-
Poincare´ covariance of the Green-Schwarz sigma model.) There is, however, a way to
preserve all symmetries, namely by using BRST methods. This paper presents a covariant
BRST approach to the gauging of coset generators.
The basic idea is to start with a BRST charge QK,0 = ξ
αKα instead of the coset
generators Kα by themselves. The nilpotency of QK,0 requires that ξ
αξβ[Kα, Kβ] vanishes,
and this can be achieved by imposing suitable constraints on the ghosts ξα. Next we relax
these constraints, which requires the introduction of further ghosts, but in order that the
cohomology does not depend on the extra ghosts, we need a second BRST charge. As we
already mentioned, this is the main idea upon which a new approach to the quantization
of the superstring is based. In that particular example, Kα = dα (cf. [5]) are the conjugate
momenta of the spacetime fermionic coordinates θα, but in this article we want to develop
a general formalism applicable to any physical system.
The content of this paper is as follows: in sec. 2, we derive the constraints on the
ghost fields and we define the constrained cohomology. In sec. 3 we remove the constraints
by adding new ghost fields while keeping the extended BRST charge QK nilpotent. At the
same time we introduce a new nilpotent BRST operator QC whose role is to remove the
new ghosts from physical observables. Without QC there is no cohomology for QK but
with QC the pair (QK , QC) leads to nontrivial “relative cohomology”. We mention that
the idea of using a second BRST charge has been proved useful in string theory [8], in a
6 dimensional supersymmetric formulation of superstrings on a Calabi-Yau manifold [9],
in topological field theory [10], in string field theory [11], and very recently in a string-
inspired formulation of harmonic superspace [12]. In section 4 we find as an unexpected
bonus the solution to a problem that has kept us thinking for a long time. In our work on
3
the covariant quantum superstring we found the need to introduce a new quantum number
for the ghosts, called grading, whose role was to restrict the vertex operators such that
nontrivial cohomology resulted. We now propose that this grading has a group theoretical
meaning which is intimately linked to the second BRST charge. In sec. 5, we construct the
currents of a conformal field theory obtained by gauging the coset generators of SU(N),
and extend the discussion from the affine Lie algebra to the Virasoro algebra and beyond.
In sec. 6 we mention possible applications of the formalism developed in this article. In an
appendix we illustrate our method by explicitly working through the example of SU(3).
2. Gauging the coset: the first BRST charge QK
Consider a simple Lie algebra decomposed into the Cartan-Weyl basis of raising oper-
ators Eα associated with positive roots, lowering operators E−α associated with negative
roots, and Cartan generators Hi
[Eα, E−α] = α
iHi, [Hi, E±α] = ±αiE±α,
[Eα, Eβ] = Nα,βEα+β if α+ β 6= 0 , [Hi, Hj] = 0 . (2.1)
We choose the phase convention Nα,β = −N−α,−β , and E−α = (Eα)†. The index i of αi
has been lowered with the Killing-Cartan metric according to gijα
j = gα,−ααi. (Often one
normalizes the Eα such that gα,−α = 1, but we shall not require this).
3 We begin with the
BRST charge
QK,0 =
∑
α∈∆
ξαEα − 1
2
α+β 6=0∑
α,β∈∆
βα+β Nα,β ξ
αξβ (2.2)
where the sum is over all roots (we denote by ∆ the set of all roots and ∆+ the set of
positive roots). The ξα are anticommuting ghosts and βα are the corresponding antighosts.
One may view this as an expression in quantum mechanics with brackets {ξα, ββ} = δαβ or
an expression of the holomorphic sector in string theory with operator product expansion
3 For the super-Poincare´ group in 10 dimensions generated by Qα and Pm, the Killing-Cartan
metric is zero. One can modify the Lie algebra by adding a new central charge, and in this way
one obtains a non-degenerate metric [13]. We propose that in such cases one uses this metric to
lower the index of αi.
4
(OPE) ξα(z)ββ(w) ∼ δαβ 1z−w . (In the latter case one should add an integration
∮
dz to
the definition of QK,0). Nilpotency of QK,0 requires the following constraints
4
∑
α∈∆+
αiξαξ−α = 0 , (2.3)
where the index i labels the Cartan generators. For example, if the group is SU(2), the
two ghosts ξ± correspond to the raising and lowering generators E± and the constraint
(2.3) becomes ξ+ξ− = 0 of which ξ− = ξ+ is a solution.5 There are thus solutions in
general, but they break the H-invariance (in the case of the ten-dimensional superstring
any solution of the constraints λγmλ = 0 breaks the manifest Lorentz covariance). The
constraints in (2.3) clearly commute with each other and are invariant under the BRST
transformations generated by (2.2) (see below). Hence they are first class constraints on
the ghost fields. They generate gauge transformations on the antighosts βα
δǫβα =
[
ǫi
∑
β∈∆+
βiξβξ−β, βα
]
= −ǫiαiξ−α (2.4)
where ǫi are infinitesimal local parameters (one for each generator of the Cartan subalge-
bra).
In order that the constraints (2.3) are compatible with the BRST symmetry,
they should be invariant under it. One can check by using the Jacobi identity
[[Eα, Eβ], E−α−β] + [[Eβ, E−α−β], Eα] + [[E−α−β, Eα], Eβ] = 0 that this is the case
[QK,0, δǫ] =
[ ∑
α∈∆
ξαEα − 1
2
α+β 6=0∑
α,β∈∆
βα+β Nα,βξ
αξβ,
∑
i
ǫi
∑
α∈∆+
αiξαξ−α
]
= 0 . (2.5)
The space M on which the Lie algebra acts is the group manifold G parametrized
by a set of coordinates; in that case the generators Eα can be represented by differential
4 In the case of superstrings the generators of the coset are represented by covariant derivatives
dzα and the proper maximal subgroup is generated by the translations Π
m
z and the fermionic
translations ∂zθ
α. The constraints (2.3) correspond to λαγmαβλ
β = 0 for the commuting spinors
λα, and such λα are called pure spinors.
5 Notice that for Grassmann variables one has ξ+ ≡ δ(ξ+), the Dirac delta function with
respect to the Berezin integration,
∫
dξ+δ(ξ+)f(ξ+) =
∫
dξ+ξ+f(ξ+) = f(0). For SU(3), one has
the constraints ξ1ξ−1 + 1
2
ξ2ξ−2 + 1
2
ξ3ξ−3 = 0 and ξ2ξ−2 − ξ3ξ−3 = 0, which can be solved by
setting ξ±1 = ±ξ±2 = ±ξ±3 or by the minimal solution ξα = ξ−α for all α.
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operators Dα acting on functions defined on G. We extend M to the space M̂ which
contains the ghosts ξα. Then, we impose the constraints (2.3) to define the reduced
functional space M̂′ on which we compute the cohomology H(QK,0,M̂′).
The space M̂′ decomposes into subspaces M̂′(n) with ghost number n. Consider the
sector with ghost number one, containing the following functions
Φ(1) =
∑
α∈∆
ξαAα(M). (2.6)
where Aα(M) is a function on the group manifold M. Acting with QK,0 in (2.2) on Φ(1)
while imposing the constraint (2.3) leads to restrictions on the fields Aα
[QK,0,Φ
(1)] =
1
2
∑
α,β∈∆
ξαξβ
(
DαAβ −DβAα −Nα,βAα+β
)
= 0 . (2.7)
The general solution of this equation is
F[α,β] ≡
(
DαAβ −DβAα −Nα,βAα+β
)
= δα+β,0
∑
i
αiWi . (2.8)
The left hand side can be viewed as the curvature F[α,β] of the group manifold along all
roots. We have Fα,−α =
∑
i α
iWi for each root α ∈ ∆+.6 Because the curvatures are
non-vanishing when α = −β, the fields Aα are nontrivial (not pure gauge). By acting with
Eγ+Aγ on Fαβ and summing over all cyclic permutations of α, β, γ, the Bianchi identities
yield constraints on Aα and W
i, but we do not analyze these issues here further. One
could completely gauge the group G by adding the Cartan generators multiplied by the
corresponding ghosts to the BRST charge (see below). In that case, all curvatures vanish,
implying that there are no propagating physical degrees of freedom.
There are solutions of (2.8) which are given by the BRST exact elements of M̂′. For
example at ghost number one we may pick a function Ω ∈ M̂′(0) with ghost number zero
and acting with QK,0 on it, one obtains the gauge transformation
δΦ(1) = {QK,0,Ω} =
∑
α
ξαDαΩ . (2.9)
6 A rather simple example is the SU(2) case. In that case Φ(1) = ξ+A+ + ξ
−A− and
{QK,0,Φ
(1)} = ξ+ξ−(D+A−−D−A+) = 0 due to the constraints ξ
+ξ− = 0. This implies that any
function A± such that A± 6= D±Ω (where Ω ∈M(0)) belongs to the cohomology H
(1)(QK,0|M̂
′).
In addition, it is obvious that M̂′(n) = ∅ for n ≥ 2. Finally, we have Φ
(0) = A where A ∈ M.
Acting with QK,0 one finds ξ
+D+A+ ξ
−D+A = 0 and using the solution ξ
+ = ξ−, it follows that
(D+ − D−)A = 0 which has nontrivial solutions. So both H
(0)(QK,0|M̂
′) and H(1)(Q|M̂′) are
not empty.
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This gives the gauge transformations δAα = DαΩ. By inserting this gauge transformation
into (2.8) one gets δWi = DiΩ where Di is the differential operator acting on the Cartan
coordinates of the group manifold. The solution of (2.8) is then given by Aα = DαΩ and
Wi = DiΩ. By assuming that the group manifold is independent of those coordinates we
obtain that Wi are invariant under the gauge transformation.
For later use, we note that the Casimir operator C2 is given by
C2 =
∑
α∈∆+
gα,−α(EαE−α + E−αEα) +
∑
i,j
gijHiHj (2.10)
and it is BRST invariant, [QK,0, C2] = 0.
In the next section we relax the constraints, but before moving on we would like to
point out that the approach to constrained systems of this section is already a generaliza-
tion of the pure spinor formalism [5] for the superstring to a wider class of models. From
this point of view Berkovits’ pure spinor formulation corresponds to the gauging of the
coset currents of a particular WZNW model [7].
3. No constraints: the second BRST charge QC
Working with constrained fields is not very practical and therefore it is desirable to
remove the constraints. The most straigthforward way to remove them is to implement
these constraints at the level of the BRST cohomology, by adding new ghosts which are
Lagrange multipliers. By requiring nilpotency of the BRST charge, further terms in the
BRST charge QK can be determined. However, this procedure renders the cohomology
empty (except for a few non-propagating degrees of freedom at zero momentum [14]).
Therefore, we develop a method which does recover the correct cohomology. First we
construct the full BRST charge by introducing new ghosts. Then we construct a second
BRST charge QC whose role is to remove the new ghosts and to yield the same nontrivial
cohomology as we started with.7
To relax the constraints (2.3) we add two further terms to the BRST charge QK,0
QK,−1 = −
∑
α∈∆+
η¯iα
iξαξ−α , Q′K,1 =
∑
i
ηiHi , (3.1)
7 A similar analysis for the superparticle has been pursued in [15].
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The anticommuting ghosts ηi and η¯j satisfy the bracket {ηi, η¯j} = δij or ηi(z)η¯j(w) ∼
δij(z − w)−1. At this stage, (QK,−1 + QK,0 + Q′K,1)2 contains only terms of the form∑
iα αiη
iξαEα, and they can be canceled by adding the usual three ghost term
Q′′K,1 =
∑
i,α∈∆
αi η
i βαξ
α . (3.2)
The BRST charge can be decomposed into terms QK,n with different grading n if one
assigns the following grading to the ghosts and antighosts
gr(ξα) = 0, gr(ηi) = 1, gr(βα) = 0 gr(η¯i) = −1 . (3.3)
The nilpotency of the BRST charge QK and the existence of this grading lead to a filtration
of the nilpotency relations
Q2K,−1 = 0 , {QK,−1, QK,0} = 0 , {QK,0, QK,0}+ 2 {QK,1, QK,−1} = 0 , (3.4)
{QK,0, QK,1} = 0 , Q2K,1 = 0 .
The second equation implies the invariance of the constraints (2.3). The third equation
tells us that the charge QK,0 is nilpotent up to the constraints (2.3). The fourth relation
holds since it is proportional to the sum of (α + β)i, −αi and −βi. The last equation
expresses the simple fact that the Cartan generators are abelian (ηiηjHiHj = 0).
The new BRST operator QK has trivial cohomology. (We will demonstrate this later
in a model of conformal field theory where the BRST operator can be obtained from a
G/G gauged WZNW model.) This can be understood as follows: the BRST charge QK
contains the operators Eα, E−α and Hi for the roots and Cartan subalgebra. Therefore,
the BRST closed functions of M̂(1) (i.e. the unconstrained space with all ghosts) are given
by
Φ(1) =
∑
α
ξαAα +
∑
i
ηiAi . (3.5)
By definining the curvatures of the fields of Aα and Ai as usual
F[α,β] = D[αAβ] −Nα,βAα+β if α+ β 6= 0 Fα,−α = D[αA−α] − αiAi ,
F±α,i = DiA±α −D±αAi ∓ αiAα , Fi,j = D[iAj] , (3.6)
the equation {QK ,Φ(1)} = 0 implies that all curvatures vanish. Therefore, we can start
solving this system by observing that Ai = DiΩ solves locally Fi,j = 0, and inserting this
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result in F±α,i = 0, one gets A±α = D±αΩ. So, the general solution of (3.6) are pure
gauge connections which corresponds to BRST exact Φ(1) = {QK ,Ω}. The same results
hold for other ghost numbers. In order not to remove the nontrivial cohomological classes
of M̂′, we have to establish a new definition of physical observables. To this purpose we
introduce a second BRST charge QC . This requires to extend again the set of ghost fields.
The additional ghosts have the role to remove the ghosts ηi and η¯i from the cohomol-
ogy. We add a quartet (two new doublets) of fields. The first doublet contains a pair of
anticommuting fields η′i and η¯′i with brackets {η′i, η¯′j} = δij and with the same quantum
number as ηi and η¯i, where the index i runs over the Cartan subalgebra. In addition, we
introduce two commuting fields φi and φ¯i with brackets [φ
i, φ¯j ] = δ
i
j . The new ghosts have
the following ghost and grading numbers, respectively
η′i (1, 1) , η¯′i (−1,−1) , φi (0, 0) , φ¯i (0, 0) . (3.7)
We follow now the procedure of [10]. The (φ, φ¯) form with the (η, η¯) a quartet of QC ,
but the same (φ, φ¯) form with (η′, η¯′) another quartet of QK . In this way, we remove all
six ghosts η, η¯, η′, η¯′, φ, φ¯ from the cohomology. The new BRST charge QC is given by
QC =
∑
α∈∆+,i
η¯′iα
iξαξ−α +
∑
i
φ¯iη
i . (3.8)
It is obviously nilpotent. The second term removes η¯i (and its conjugate ηi can be set to
zero) from the space M̂.8 The first term is needed in order that the second BRST charge
commutes with the original charge QK . However, we also have to add a new piece to QK
QK → QK +
∑
i
φ¯iη
′i . (3.9)
This extended QK is clearly also nilpotent.
The new term in QK removes the variables η
′, η¯′, φ and φ¯ from the cohomology of QK .
Although we keep all ghosts in our covariant approach, note that if we would remove all of
them, we would have to impose by hand the original constraints in (2.3). The argument
8 Since QC η¯i = φ¯i and QCφ
i = −ηi, any function F (η, φ, η′, . . .) which is annihilated by QC is
independent of φ and η up to terms which are QC exact. In fact, there is an homotopy operator
KC , satisfying {KC , QC} = Nφ,φ¯ +Nη,η¯ and given by KC = φ
iη¯i. Then any state with φ and η
dependence which is QC-closed is also QC-exact. Similarly, QK η¯
′
i = φ¯i and QKφ
i = −η′i, and
QK removes the φi dependence while terms depending on η
′
i are QK-exact.
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is the same as in the case of the A0 = 0 gauge in QED, where one has to impose by hand
its missing field equation, the Gauss constraint. Notice that the second BRST charge has
only terms with grading number −1 and +1.
The two BRST charges anticommute
Q2K = 0 , {QK , QC} = 0 , Q2C = 0 . (3.10)
To prove that the terms with Nα,β cancel in {QK , QC} one may use the Jacobi identities
with Eα, Eβ and E−α−β . The terms proportional to η¯
′η cancel because they occur in pairs
with opposite signs. In addition, it is easy to see that the first BRST charge QK can be
written in the following way
QK =
∑
α
ξαEα − 1
2
∑
α,β
βα+βNα,βξ
αξβ +
[
QC ,
∑
i
[
η¯iη
′i − φi(Hi +
∑
α
αiβαξ
α)
]]
,
(3.11)
which shows that the additional terms are indeed trivial with respect to the second BRST
charge. Furthermore, QC is QK -exact, namely
QC =
[
QK , η¯
′
iη
i
]
. (3.12)
The most general vertex with ghost number one can be written as follows
Φ(1) =
∑
α
ξαAα +
{
QC ,
∑
i
φiWi
}
. (3.13)
The second term is QC-trivial and it is needed in order that Φ
(1) is in the cohomology
of QK . Physical states are identified with H(QK |H(QC ,M̂)): they are QC-closed, and
QK -closed modulo QC-exact terms. To work this out in more detail note that the QK
cohomology can be written as follows
{QK ,Φ(1)} =
{
QK,0 +
[
QC , X
]
,
∑
α
ξαAα +
[
QC ,
∑
i
φiWi
]}
= (3.14)
{
QK,0,
∑
α
ξαAα
}
+
{
QC ,
[
X,
∑
α
ξαAα
]
−
[
QK,0,
∑
i
φiWi
]
+
[
X,
[
QC ,
∑
i
φiWi
]]
} =
{
QK,0,
∑
α
ξαAα
}
+ {QC , Z} .
where X is the QC-exact term in (3.11) and Z is the QC-exact term in (3.13). We used
{QC ,
∑
α ξ
αAα} = 0. This shows that we have obtained the correct cohomology: the
QK -closed vertex operators constructed from all ghosts given modulo the QC-exact terms
coincide with the vertex operators which are constructed from ξα, and which are QK,0-
closed modulo the constraints in (2.3).
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4. An interpretation of the grading
In our work on the covariant quantization of the superstring we were forced to exclude
certain terms from the massless vertex operators in order to obtain a nontrivial cohomology.
We achieved this by assigning a grading to the various ghosts which appear in our work,
and requiring that vertex operators contain only terms with nonnegative overall grading.
The deep meaning of this grading has eluded us up till now although we have shown that
it is related to homological perturbation theory [6,16]. We now present an interpretation
of this grading condition.
In the previous section, we used a second BRST charge to select the physical subspace.
This suggests that there exists another quantum number for the ghosts and antighosts be-
sides the ghost number. The is the quantum number given in (3.3) and (3.7). However, the
notion of a grading was extracted from the BRST approach, and we should explore whether
the grading has a meaning independently of this construction, in particular whether there
is a property of Lie algebras which leads to the concept of this grading.
Let us return to the Lie algebra on the Cartan-Weyl basis
[Hi, Hj] = 0 , [Eα, E−α] = α
iHi, (4.1)
[Hi, E±α] = ±αiE±α, [Eα, Eβ] = Nα,βEα+β .
These commutators are preserved by the following transformations
Hi → λHi , Eα → Eα αi → λαi (4.2)
where λ 6= 0. As a consquence αi → λ−1αi. We identify the grading with the power of
λ in this automorphism. Thus we assign a grading +1 to each Cartan generator. The
transformation rule for the roots αi (for each component we assume the same dilatation)
is a consequence of the dilatation of the Cartan generators.
By viewing Eα and Hi as constraints on the physical states: Eα|ψ〉 = 0 and Hi|ψ〉 = 0
the contraction λ → 0 reduces the set of the constraints to those implemented by the
lowering and raising operators Eα with α ∈ ∆, but they become second class constraints.
In fact the r.h.s. of [Eα, E−α] = α
iHi has a finite limiting value. This implies that we
need to implement a quantization procedure which deals with second class constraints.
Applying these considerations to the superstring, we are led to the following gradings:
λα has grading zero, and ξm and χα have grading one. This is not the grading proposed in
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[6], but remarkably, it gives the same suppression of terms in the vertex operator and thus
the same spectrum. (More specifically: the terms bλαλβ and bλαξm which had grading
−4 + 1 + 1 and −4 + 1 + 2, respectively, were rejected. The new grading rejects only the
term bλαλβ).
At the level of the BRST charge (assigning zero grading to any ghosts and antighosts)
we see that by rescaling the Cartan generators (and the roots αi) the terms Q
′
K,1 and Q
′′
K,1
vanish. However, QK,−1 explodes if we do not require that
∑
α∈∆ α
iξαξ−α = 0, namely
if we do not require that the constraints (2.3) are satisfied. At this point it is clear that
we can reabsorb the rescaling (4.2) into the ghost fields by assigning a suitable grading or,
equivalently, by rescaling them. In this way the BRST charge QK is decomposed into the
pieces QK,−1 +QK,0 +QK,1 and the second BRST charge QC into QC = QC,−1 +QC,1.
To conclude, the grading is a property of Lie algebras which we transfer to the ghost
fields.
5. An example: SU(N) conformal field theory
We now present an example where the general formalism developed in the previous
sections is worked out explicitly. The example is the conformal field theory associated to
the affine Lie algebra of currents based on SU(N). The generators are represented by
holomorphic currents Eα(z), Hi(z). We neglect the anti-holomorphic sector of the theory.
There are double poles in the OPE’s of these currents
Eα(z)E−α(w) ∼ α
iHi(w)
z − w +
k
(z − w)2 , (5.1)
Eα(z)Eβ(w) ∼ Nα,β Eα+β
(z − w) , if α+ β 6= 0
Hi(z)Eα(w) ∼ αiEα(w)
(z − w) , Hi(z)Hj(w) ∼
k gij
2(z − w)2 .
The value of the constant k is the level of the affine Lie algebra we are considering and
gij is the Killing-Cartan metric. In order to “gauge” the currents Eα(z) associated to the
positive and negative roots of the algebra (which from a quantum field theory point of
view is equivalent to imposing the constraints Eα(z)|ψ〉 = 0 on physical states |ψ〉) we
have to introduce auxiliary currents Ehα(z) and H
h
i (z) which have the same single poles as
Eα(z) and Hi(z), but opposite double poles. (This can be achieved by introducing a new
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WZNW model with level −2N − k (where N is the dimension of the gauge group SU(N))
and those fields are associated to the gauge fields needed to impose the constraints).9
The BRST current jK,0 corresponding to QK,0 introduced in section 2 is given by
jK,0(z) =
∑
α∈∆
ξα
(
Eα(z) + E
(h)
α (z)
)
− 1
2
∑
α,β∈∆
Nα,ββα+βξ
αξβ (5.2)
which is nilpotent up to the constraints (2.3). The combination of currents (Eα + E
(h)
α +∑
β Nα,ββα+βξ
β) does not have double poles and it can be used to construct the left-moving
sector of the BRST charge QK,1 =
∮
dzjK,0(z). All single poles of the combination (Eα +
E
(h)
α +
∑
β Nα,ββα+βξ
β) are cancelled except those proportional to the Cartan generators.
The constraints (2.3) generate gauge transformations of the antighosts and therefore any
conformal field theory operator should be compatible with those transformations.
The definition of physical states is given as in the previous section (cf. eq. (2.7)) in the
constrained cohomology of QK,0. Using the Sugawara construction, the energy-momentum
tensor is given by
Tzz =
1
2(k +N)
∑
α∈∆+
|α|2
2
(E+αE−α + E−αEα) (5.3)
− 1
2(k +N)
∑
α∈∆+
|α|2
2
(E(h)α E
(h)
−α +E
(h)
−αE
(h)
+α)
+
∑
i
(HiHi +H
(h)
i H
(h)
i )−
∑
α∈∆
βα∂zξ
α .
The last term needs some explanation. The ghost fields ξα are constrained and, as a
consequence, the antighosts transform under gauge transformation generated by the con-
straint (2.3). This means that the constraint eliminates some of the ghosts ξα (for ex-
ample, for SU(2) there is only one independent ghost field ξ+ = ξ−) and thus Tzz (as
well as the Lagrangian) depends only on certain combinations of the antighost fields ( for
SU(2), the ghost dependent term is given by β+∂ξ
+ + β−∂ξ
− = (β+ + β−)∂ξ
+ = β˜+∂ξ
+
where β˜+ = β+ + β− is the combination gauge invariant under δǫβ− = ǫξ
+ and
9 In our earlier work, we used the formalism with a ghost pair (cz, b), satisfying cz(z)b(w) ∼
1
z−w
, to remove the anomaly in the BRST charge, but recently we have dropped the ghosts (cz, b)
in favor of the auxiliary h-currents [7].
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δǫβ+ = −ǫξ− = −ǫξ+). The tensor Tzz is invariant under BRST transformations,
[QK,1, Tzz] = 0.
The total conformal charge of the system is
c
SU(N)
=
k(N2 − 1)
k +N
− (−2N − k)(N
2 − 1)
k +N
− 2[N(N − 1)− (N − 1)] = 4(N − 1) (5.4)
where the last term is due to the ghosts and antighosts associated with the N(N − 1)
roots minus the number of the constraints N − 1 (see (2.3)). The factor −2 comes from
the conformal weight (0, 1) and statistics of the pairs (ξα, βα). The total conformal charge
is always positive and it does not depend on the level of the WZW action. Notice that
without the constraints and with the ghosts associated to the Cartan generators, the last
term in (5.4) would be −2[N(N−1)+(N−1)] = −2(N2−1) and it cancels exactly the first
two terms in c
SU(N)
. This coincides with the topological model G/G. (The total central
charge vanishes because T is the energy-momentum tensor for a twisted superconformal
algebra.) The total central charge is positive (the theory is unitary) and it can vanish only
if N = 1 which is a trivial case. However, another way to make the central charge vanish
(except for example by adding suitable ghosts for reparametrizations) is to add a fermionic
counterpart to the generators Eα and Hi. So, for the superalgebra SU(M |N), we have
{Eα, Hi} and {E′α′ , H ′i′} for the subgroup SU(M)×SU(N). In addition we have 2M ×N
fermionic generators Qab′ where a = 1, . . . ,M and b
′ = 1, . . .N . In that case we have to
decide which coset we need to gauge and therefore we have to introduce bosonic ghosts.
Given a BRST current jK,z and the energy-momentum tensor Tzz, there is an ad-
ditional operator worth the be mentioned: the ghost current. In the present case it is
given by Jghz =
∑
α∈∆ βαξ
α which is invariant under the gauge transformations δǫ gener-
ated by the first class constraints (2.3). In order to compute the coefficient of the double
pole of J(z)J(w) first to solve the constraint (2.3), then one can choose a gauge for the
antighosts.10
The next step is to construct the second BRST charge QC for this conformal field
theory. As a consequence we have to modify the BRST charge QK . As in the previous
section we introduce the fields ηi, η¯i to remove the ghost constraints (2.3) and to implement
the constraints associated to the Cartan generators. (Notice that the enlargament of the
10 In the SU(2) case, one has ξ+ = ξ− and J = β+ξ
+ + β−ξ
− = (β+ + β−)ξ
+ = β˜+ξ
+.
The last expression involves only free fields and we can compute the coefficient straightforwardly
J(z)J(w) ∼ (z − w)−2.
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set of the constraints to the complete algebra leads to vanishing cohomology unless an
addition constraint is added.) The new BRST current is
jK(z) = jK,0(z) +
∑
i,α∈∆+
η¯iα
iξ+αξ−α +
∑
i
[
ηi(Hi +H
(h)
i ) +
∑
α∈∆
ηiαiβαξ
α
]
(5.5)
and the new energy-momentum tensor is modified into
Tzz → Tzz + η¯i∂ηi.
By adding the new fields and by modifying the energy-momentum tensor we find that
the total central charge of the new T vanishes. This is due to the topological nature of
the model under the analysis (see for example [14] for a complete analyis of the BRST
cohomology for G/G and G/H models).
In fact, it is easy to see that the ghost introduced can be viewed as twisted fermions
on the worldsheet
ψα =
ξα + βα
2
, ψ¯α =
ξα − βα
2
, (5.6)
ψ¯i =
ηi + η¯i
2
, ψi =
ηi − η¯i
2
,
and the BRST symmetry as a twisted supersymmetry on the worldsheet. To compute the
total central charge it is sufficient to compute the anomaly in the ghost current
Jgh(z) = −
∑
α
ξαβ
α −
∑
i
ηiη¯i . (5.7)
Since the ghosts fields are free fields, the coefficient of the double pole of Jgh(z)Jgh(w) is
N2 − 1, namely the dimension of the Lie group SU(N). For the supergroup SU(M |N)
one has N2 +M2 − 2M N − 2.
Following the previous sections, we have to define a new BRST charge which leads
to the correct cohomology of the theory. For that purpose we follow the previous section
and we add the topological quartet formed by the commuting fields (φi, φ¯i) and by the
anticommuting ghosts (η′i, η¯′i). They are needed to remove the ghosts η
i, η¯i added in (5.5).
The introduction of new fields might modify the central charge, but introducing topological
quartets the total central charge remains zero. Nevertheless the coefficient of the double
pole in Jgh(z)Jgh(w), where
Jgh(z) = −
∑
α∈∆
ξαβ
α −
∑
i
ηiη¯i −
∑
i
η′iη¯′i . (5.8)
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changes from N2 − 1 to N2 +N − 2.
The new BRST charge is given by
jC =
∑
i,α∈∆+
η¯′iα
iξαξ−α +
∑
i
φ¯iη
i , (5.9)
and jK has to modified as follows
jK → jK +
∑
i
φ¯iη
′i , (5.10)
Both currents are nilpotent and they anticommute jK(z)jC(w) ∼ 0. In the present frame-
work, we can establish a new conserved current
Jgr = −
∑
i
ηiη¯i −
∑
i
η′iη¯′i (5.11)
which corresponds to the assignment in (3.3). Notice that the second BRST current jC
contains only pieces with grading −1 and +1. We can clearly make any linear combination
of the current Jgh and Jgr. The coefficient of the double poles of the second charge is
2(N − 1). Notice that the construction achieved so far resembles the N = 4 embedding
of the RNS superstrings provided in [8]. In particular, for the N=4 formulation of the
superstring, the two BRST charges Q1 and Q2 implement the superdiffeomorphims at the
quantum level and restrict the Fock subspace to the small Hilbert space. The two currents
J1 and J2 are identified with ghost and picture number. Both BRST charges have ghost
number one, but while the second has picture −1, the first one is a sum of terms with
definite picture. This reproduces the structure outlined above. The ghost number and the
picture number have to be identified with Jgh and Jgr, and the two BRST charges with
QK and QC . We can push the analogy even further: the motivation to introduce a second
BRST charge in the RNS context is the enlargement of the functional space from the small
Hilbert space (without the zero mode of ξ) to the large Hilbert space (with ξ0). The second
BRST charge restricts again the space, but then one can work covariantly (namely with
all the modes of the field ξ). The motivation to introduce the second BRST charge QC
in the present framework is the enlargement of the functional space to a space without
constraints (2.3).
As outlined in the previous section, one can construct the vertex operators and study
the spectrum. As has been already shown at the massless level, this model has nontrivial
solutions to the equations of motion. The conformal field theory approach should however
lead to the analysis of the complete tower of states. A detailed study for the superstring
will be presented elsewhere.
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6. Conclusions and outlook
In this article we have shown how to gauge the set of raising and lowering operators for
an arbitrary Lie algebra in a covariant way. One needs to introduce more ghosts, and then
remove their effects by a second BRST charge. It would be interesting to consider other
cosets, for example the subset of all raising operators which plays a role in the derivation
of harmonic superspace from pure spinors [12].
To complete the analysis of the conformal field theory of the previous section, we
should repeat the analysis given in [17] and [18], leading to a Kazama algebra [19] and,
after adding a Koszul quartet (a topological gravity quartet), we should obtain an N = 2
superconformal algebra [7]. Using the ghosts of topological gravity one can construct a
new BRST charge to implement the reparametrization invariance as has been discussed in
[20], but in addition we expect to need another BRST charge to recover the observables
of the gravity sector. For this purpose we intend to use the formalism developed in this
paper.
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Appendix A. SU(3) as an example
We apply our results to SU(3) as an example. To parametrize the compact basis
we take the usual set of matrices with the normalization tr(λaλb) = 2δab, so the first
Gell-Mann matrix is given by
λ1 =
 0 1 01 0 0
0 0 0
 (A.1)
On the Cartan-Weyl basis, the raising generators are EI =
−1
4 (λ1 + iλ2), EII =
−1
4 (λ4 +
iλ5), and EIII =
−1
4 (λ6−iλ7), while E−I = E†I = −14 (λ1−iλ2), . . . . The Cartan generators
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are the hermitian matrices HT =
1
2λ3 and HY =
1
2λ8. The commutation relations which
determine Nα,β read
[E−III , E−II ] = −1
2
E−I , [EII , EIII ] = −1
2
EI ,
[EIII , E−I ] = −1
2
E−II , [EI , E−III ] = −1
2
EII ,
[EI , E−II ] =
1
2
EIII , [EII , E−I ] =
1
2
E−III ,
(A.2)
One easily derives
[EI , E−I ] =
1
2
HT , [EII , E−II ] =
1
4
HT +
√
3
4
HY ,
[EIII , E−III ] =
1
4
HT −
√
3
4
HY , [HT , EI ] = EI ,
[HY , EI ] = 0 , [HT , EII ] =
1
2
EII ,
[HY , EII ] =
√
3
2
EII , . . . .
(A.3)
The normalization Nα,β = −N−α,−β is satisfied. The roots are (±1, 0) and (±1/2,
±√3/2). The Cartan-Killing metric gAB = f QAP f PBQ is given by gij = 3δij , and
gα,−α = 3/2 for each root. The usual relation gα,−ααi = gijα
i is clearly satisfied. We
shall occasionally need gijβj = g
β,−ββi. (We do not rescale Eα such that gα,−α = 1;
hence, the indices of αi and Hi are lowered by the matrix gijg
α,−α = 2gij/3, but we shall
never have occasion to lower indices).
The constraints in (2.3) become
CT =
1
2
ξIξ−I +
1
4
ξIIξ−II +
1
4
ξIIIξ−III = 0 , CY =
√
3
4
(
ξIIξ−II − ξIIIξ−III) = 0 .
(A.4)
The BRST charge QK,0 in (2.2) becomes
QK,0 =
(
ξIEI + . . .+ ξ
−IIIE−III
)
(A.5)
+
1
2
(
βIξ
IIξIII + βIIξ
Iξ−III − βIIIξIξ−II − β−Iξ−IIξ−III − β−IIξ−IξIII + β−IIIξ−IξII
)
The constraints commute with QK,0, as one may check by explicit computation.
The quadratic Casimir operator is given by
C2 =
2
3
(
EIE−I + EIIE−II + EIIIE−III +E−IEI + E−IIEII + E−IIIEIII
)
(A.6)
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+
1
3
(
HTHT +HYHY
)
.
The square of QK,0 contains only constraints
(QK,0)
2 = CTHT + C
YHY . (A.7)
Adding
QK,−1 = −η¯TCT − η¯Y CY
Q′K,1 = η
THT + η
YHY φ¯T η
′T + φ¯Y η
′Y ,
Q′′K,1 = η
T
(1
2
βIξ
I +
1
2
βIIξ
II +
1
2
βIIIξ
III − 1
2
β−Iξ
−I − 1
2
β−IIξ
−II − 1
2
β−IIIξ
−III
)
+
+
√
3
2
ηY
(
βIIξ
II − βIIIξIII − β−IIξII + β−IIIξ−III
)
(A.8)
we find the nilpotent BRST operator QK .
The second BRST operator QC is given by
QC = η¯
′T
(1
2
ξIξ−I +
1
4
ξIIξ−II +
1
4
ξIIIξ−III
)
+ (A.9)
+
√
3
4
η¯′Y
(
ξIIξ−II − ξIIIξ−III)+ φ¯T ηT + φ¯Y ηY ,
and one may verify by direct computation that indeed anticommutes with QK .
Appendix B. The Haar measure for SU(2)/U(1) from the BRST cohomology
In this appendix we present an application of the formalism presented in the previ-
ous sections. We consider the group SU(2) and we parametrize the matrix of the coset
SU(2)/U(1) with a single complex vector pi with i = 1, 2. We assume that pi is normalized
to unity and a given u ∈ SU(2)/U(1) can be written as u = (pi, ǫij p¯j).
Associated to the generators E± and H, we introduce the following differential oper-
ators
D+ = piǫ
ij∂p¯j , D− = p¯
iǫij∂pj , [D+, D−] = D0 ≡ pi∂i − p¯i∂p¯i (B.1)
[D0, D+] = D+ , [D0, D−] = −D− ,
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and the BRST charge
QK,0 = ξ
+D+ + ξ
−D− (B.2)
which is nilpotent if ξ+ξ− = 0. Acting with QK,0 on the vector pi and its conjugate p¯
i
(they are treated as independent), (B.2) leads to
{QK,0, p¯i} = ξ+pkǫki , {QK,0, ξ+} = 0 , (B.3)
{QK,0, pi} = ξ−p¯kǫki , {QK,0, ξ−} = 0 .
Let us introduce the homogenous forms
ω+ = p¯iǫijdp¯
j , ω− = piǫ
ijdpj . (B.4)
They are dual of D+ and D− in the sense that 〈D±, ω±〉 = 1 and 〈D±, ω∓〉 = 0 when
〈∂pi , dpj〉 = δij , 〈∂p¯i , dp¯j〉 = δij , etc. Their BRST variations are given by
{QK,0, ω+} = −2ξ+pidp¯i + dξ+ , {QK,0, ω−} = 2ξ−p¯idpi + dξ− , (B.5)
where we used that QK,0 and the exterior derivative d anticommute, and dξ
+ and dξ−
have to be considered as the worldsheet derivatives of the ghost fields.
With some algebra, it is easy to show that
{QK,0, ω+ω−} = d
(
ξ+ω− + ω+ξ−
)
, (B.6)
Then, computing the QK,0 variation of
(
ξ+ω− + ω+ξ−
)
, one gets
{
QK,0,
(
ξ+ω− + ω+ξ−
)}
= ξ+ξ−(−4p¯kdpk)− d(ξ+ξ−) (B.7)
which is zero because of the constraints ξ+ξ− = 0. This shows that ω+ω− belongs to the
cohomology of QK,0 modulo d-exact terms, and satisfies the descent equations. By using
the parametrization z = p1
p2
and z¯ = p¯
1
p¯2
a simple exercise shows that
ω+ω− =
dzdz¯
(1 + |z|2)2 . (B.8)
This is the Haar measure of the coset SU(2)/U(1).
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